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July 2019





Found as an epigraph in Dwight E. Neuenschwander’s Emmy Noether’s wonderful theorem, Johns Hopkins
University Press (2017)

F.Chopin, Nocturne in C minor Op.48 No.1 (1841), 64-67





Abstract

The aim of this project is to study the topological properties of a shrunken and expanded hon-
eycomb lattice dielectric photonic crystal under refractive index variations. Bandstructures and field
distributions were obtained with the finite-difference time-domain facility of Lumerical.
The results show that the topological phase is preserved in the shrunken configuration for a range of
2.5 − 3.5 refractive index. Although, additional band crossings can spoil the appearance and manip-
ulation of edge modes.
This problem is solved applying a small degree of index anisotropy leading to the opening of a com-
plete topological bandgap. To our knowledge, it is the first time that a non-mechanical method is
used to solve this issue.
Finally, an original theory based on the natural arising discrete lattice symmetry and Lorentz in-
variance of the EM field is proposed in order to explain the robustness of the system under large
anisotropy. Within this regime, the rotational symmetry of the unit cell is broken and the existing
photonic theories of the pseudospin relying on this fact should be reformulated.
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1 Introduction

Topology is a branch of mathematics that deals with continuous transformations in a quite general space.
These continuous transformations give raise to properties that can be quantified and are preserved over
the transformation. The most famous example is the case of a donut and a mug. These two objects can
be transformed one another by stretching but not tearing or gluing. Stretching is a continuous process
since you can deform it infinitesimally. On the contrary, it is impossible to tear a sheet of paper just a
little you do it or not. A mug and a donut have the same number of holes (one) which is indeed preserved
under deformations because the number of holes is discontinuous in R. These conserved properties are
called topological invariants. Two systems that share topological invariant are called homotopic and thus,
can be transformed one to another continuously [1].

This idea is very appealing to physics since at the end, after Noether, physics is about deriving con-
served quantities from the symmetries of the system. With the most of the generalities, these conserved
quantities, although being arbitrary, describe fully any physical system through conservation equations.
Physically, non homotopic systems are in different phases, which is to say that they have different intrin-
sic properties. Ultimately, topological procedures have been used to study the relation between General
Relativity and Quantum Field Theory through adS/CFT dualities 1 which eventually could lead to a
unique, scale-free theory that explains the dynamics of the information contained in our universe [2].

The first time topological theories were applied to the explanation of physical phenomena were the case
of the quantum anomalous spin Hall effect in the context of condensed matter [3, 4, 5]. The next figure
shows a scheme of the electron’s dynamics on a thin conducting slab exposed to magnetic fields.

Figure 1: The Hall effect consists on a potential difference in a thin conducting slab due to the presence
of normal magnetic fields. Image source [18].

According to figure (1), due to the Lorentz force, the electrons are drifted to the borders resulting in a
voltage difference called Hall potential. In the quantum regime and under certain configurations no mag-
netic field is required to produce Hall potentials. The measurements of non-zero Hall potential without
magnetic fields lead into the conclusion that the discrete conductance was proportional to some topo-
logical invariant, namely the Chern number. The Chern number is conserved under adiabatic changes
of the electron’s linear momentum and corresponds to the number of bands crossing the Fermi energy
mod 2. Based on this, topological insulators, were discovered where strong spin-orbit coupling triggers a
collective effect which manifests as a current density flowing in the border but not within the insulating
bulk which is called edge state. This investigations were awarded with the 2016’s Physics Nobel Prize to
Kosterlitz, Haldane and Thouless.

Precisely edge states is the motivation to bring this concept to the photonics realm. Having optical
modes confined on the edge that can be driven along corners paves the way to boost the efficiency of
integrated photonics circuitry. Moreover, there exists a special kind of edge states called chiral that are
robust under back-scattering and they can dodge defects. Translated into photonics it means that engi-

1The anti de Sitter/Conformal field theory duality states that a quantum gravity-less theory on a closed surface is
equivalent to a gravitational theory in the bulk, i.e the volume closed by that surface.
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neering a loss zero waveguide is possible and will suppose a revolution in optical communications. [6, 7, 8]

The most straightforward frame to do so is photonic crystals (PC’s) [9, 10]. It is known the duality
between the description of electrons in periodic potentials and the propagation of light in photonic crys-
tals2. The attractive feature of PCs is the existence of gaps, that is, frequency regions where no light
propagation is allowed. The presence of a gap can be understood as a topological invariant because it is
discrete and it does not depend on the wavelength.

In spite of the duality, there are still some theoretical challenges. For instance Maxwell’s equations that
describe light are not quantum unlike the charge currents in periodic potentials. Electrons are fermions
spin-1/2 particles, it is not easy how to draw fermionic degrees of freedom from a field that at least in the
quantum limit is bosonic. Unlike the wavefunction of an electron, the electromagnetic field is vectorial
which means that the polarization plays a role. Apart from we will see that topological phases in the
classical case couple the polarization and the wavevector. If this is true in the quantum regime, it opens
up interesting possibilities in quantum optics and computation.

In this work we will focus on the honeycomb-like two dimensional PC. For this geometry, in [12] they show
topological behaviour but claim no utility due to additional band crossing. In [13] they use Lumerical
simulations, like us, to provide a hole radius range in which the bandgap is total. With rigour, in [11]
they tackle the dual case (high dielectric rods embedded in a low dielectric medium), theoretically and
with Mit photonic bands solver to report useful topological edge states without restrictions.

In particular, the main purpose of this work is to use FDTD 3 to test for robustness and eventual phase
transitions with varying only the index of refraction in the above-mentioned photonic crystal.

2You can find an extensive comparison in the appendix A of [14]
3Finite-difference time-domain
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2 Formalism

To begin with, a photonic crystal is a nanostructured material with periodic index of refraction (dielectric
function) in space. It can be found in nature as well they can be fabricated artificially. The next figure
shows some examples of natural and artificial photonic crystals.

Figure 2: a) and b), pictures of natural photonic crystals displaying iridescence. c), microphotography
of a honeycomb lattice photonic crystal of high dielectric rods in air [17].

The iridescence shown in figure (2), which is a consequence of the interference of light diffracted from
the periodic arranged scatters, highlights that light propagation within this type of materials is different
from ordinary propagation in vacuum. In figure (2c) an artificial PC made from silicon cylindrical pillars
arranged in a honeycomb lattice is shown. This geometry will be used in the simulations with the dual
case, that is, the high dielectric material as a background with air holes. The truth is that the latter
configuration is more suitable for fabrication.

Light propagation is governed by Maxwell’s equations. In vacuum, one complete set of solutions are
(vectorial) plane waves ε†

ke
i(kr−ωt) described by the wavevector k, frequency ω and polarization ε. With

this terms, Maxwell’s equations tells as

kc = ω , (1)

where c is the propagation speed. Inside photonic crystals, due to diffractive effects this relation does
not hold any longer.

In order to obtain the dependence ω(k), called dispersion relation, we need to solve the Master equation.
The Master equation in Bloch representation describes the propagation of the transverse magnetic field
H, which is consequence of Maxwell’s equations and the symmetry properties of the photonic crystal:

(ik +∇) × 1

εr(r)
(ik +∇) × uk,ω(r) = (ω

c
)
2

uk,ω(r) , (2)

where εr(r) is the position dependent relative permitivity, uk,n is the complex amplitude of the field in
Bloch representation and c the speed of light in vacumm. This expression (2), tells us that the frequency
ω that is a measure of the energy of the field and the wavevector k that represents the crystal momentum
are not independent. In our case, ω(k) will be a multivalued function so it is convenient to label uk,ω(r)
with branches n ∈ N instead of ω. Every branch represents a band which is represented in a graph in the
space (ω,k) called bandstructure only dependent on εr(r). For a given wavevector and band, the spatial
distribution of the magnetic field will be given by

+Hn,k(r) = un,k(r)eikr = un,k(r)ε†eikr , (3)

which is interpreted as a complex amplitude distribution uk with the same symmetry as the lattice
(Bloch’s theorem [19]) modulated by a carrier plane wave described by k. The velocity of propagation of
the envelope in not longer c but the group velocity v(k)
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v(k) = ∇ω(k) . (4)

Note, as well, that equation (2) is equivalent to a eigen-problem with spectrum (ω/c)2 for an operator
called from now on as D =Dk(r) . [14]

The k-space as a tangent space is known as the reciprocal space. The periodicity of the position vector
inside the crystal makes the reciprocal space redundant, so that it can be reduced to a finite space with
periodic boundary conditions called first Brioullin Zone (BZ). In two dimensions, it is homotopic to a
torus.

2.1 Pseudospin

To start with, we are going to consider the Dirac Hamiltonian

Hk = h̵v(k)k ⋅σ +m(k)σz , (5)

which in solid state systems describes the dynamics of electrons with linear momentum k and effective
mass m. Electrons are fermionic spin-1/2 particles, whose two degrees of freedom are encoded in the
σi Pauli matrices. The truth is that (5) is the simplest hamiltonian, yet the most general for two level
systems that can present topological behaviour.

Hence, the objective of this subsection is to connect the Dirac hamiltonian described in (5) with the
operator that governs the light propagation in photonic crystals Dk. To do so it is enough to describe
and interpret physically the so called pseudospin, which emulates in photonic systems the role of the
ordinary spin, described by Pauli matrices in solid state physics.

The formulation in terms of pseudospin has vast interest due to many reasons. In the one hand, it is
the natural framework to study photonic topological phase transitions. In the other hand, it gives us
the possibility of taking advantage of the extensive theoretical work done about this topic in solid state
physics.

By the time being, the most accurate derivation of the pseudospin is done in [11] based on a preserved
rotational symmetry of the unit cell in a honeycomb-like lattice. In this work, instead, we are going to
sketch a more general approach that assumes the discrete translational symmetry (which is implicitly
preserved when studying photonic crystals) and first principles like the Lorentz invariance of light. See
appendix A where we do it by introducing an internal parameter respect to the Lorentz group.

According to our calculations in appendix A, it turns out that the internalness of this new degree of
freedom constraints the polarization and orbital angular momentum to the state of pseudospin. This fact
means that once the angular momentum is fixed and well defined, the corresponding pseudospin state
is unique and determinable. The relation between the pseudospin and the orbital angular momentum
in the constant polarization case, like in our set up, allows us to associate a state of pseudospin only
by studying the discrete rotational symmetries of the field distributions obtained through the simulations.

Furthermore, one of the most important transformation in the spin space is time-reversal which is imple-
mented as a antiunitary operator

T = −iσxK , (6)

where K means complex-conjugation. In terms of pseudospin time-reversal is equivalent to parity r↦ −r
and complex conjugation (check appendix A).
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The Kramer’s theorem states that in fermionic systems invariant under time reversal the energy spectrum
is at least doubly degenerated [20]. Thus, with the pseudospin formalism we can claim that in photonic
crystals with inversion symmetry the modes exhibit Kramer’s degeneracy. This last point is crucial for
the following discussion about topological phase transitions.

2.2 Topological phase transitions of the Dirac hamiltonian

Having defined the peudospin, we can proceed by studying the photonic system as a product of Bloch
modes (3) with wavevector k and its associated pseudospin (∣↑⟩ , ∣↓⟩) described by the Dirac hamiltonian.
That is, a two-spinor

χk = uk(r) ∣↑⟩ + u−k(r) ∣↓⟩ (7)

From now on we will focus on 2D dimensional systems k = (kx, ky,0) since these are the photonic crystal
type we are going to simulate. Provided this, the energies of the Dirac Hamiltonian are

E± = ±
√
v(k)2 +m(k)2 , (8)

with eigenstates

∣±⟩ = cos(θ/2) ∣↑⟩ ± sin(θ/2) ∣↓⟩ , tan(θ) = v/m , (9)

where we oriented k to ex. Since ∣±⟩ are one the time reversed state of the other they form a so-called
Kramer pair. The topological features of the system will depend for example on the existence or not
of a gap, the number of crossings and other discontinuous transformations, but not in the particular
shape of the band. So for simplicity we can deform v(k) and m(k) continuously to k and m respectively
without involve the topology. It can also be regarded as a first order approximation around the k = 0 point.

2.2.1 Topological Z2 invariants in two dimensional systems

From equation (8) we can see that the existence and extension of the gap is related to the parameter m.
In fact, this is the order parameter of a topological phase transition whose critical point is m = 0. We
consider the cases m < 0, m = 0 and m > 0. The next plot shows the band structure, the pseudospin
states, the field distribution for these three cases for the above-mentioned Dirac Hamiltonian:

Figure 3: Bulk bandstructure for the Dirac Hamiltonian, in b) when m = 0 the system is gapless and a
Dirac cone appears. For the other cases, m ≠ 0, there is a gap of width 2m. The state ∣↓⟩ is marked blue
and the ∣↑⟩ in red. Notice that on approaching k = 0, the eigenpesudospins become a superposition reaching
the maximum coherence on the Γ point with the states (∣↑⟩x , ∣↓⟩x as dots). To draw the distribution state
amplitude, we use the property uk = u∗

−k of the master equation (2). The color of the field distribution
bands correspond with the pseudospin associated. A band inversion is observed in the Γ point between the
settings a) and c).
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According to figure (3) a state inversion respect to the normal order of both pseudospin and field dis-
tribution occurs in k = 0 for the m > 0 case. This state inversion is the first sign of a topological phase
transition. Indeed, two dimensional systems that differ by a band inversion are on a different topological
phase. The phase in m < 0 is called trivial phase and the other m > 0, topological phase.

This assignment is not arbitrary since you will see in the following that the topological phase has unique
features. Although it is not a sufficient condition, as a practical rule, the configuration that has reversed
the ordinary order of the states, for example that quadrupolar bands have less energy than the dipolar
ones, you can say that the phase is topological.

To be sure of the nature of the phase one should compute the Chern number [15], which is a topological
invariant. Having defined the pseudospin, we can use the same definition as in electronic systems. In our
reads:

C = 1

4π
∫
BZ

k

(k2 +m2)3/2 d2k (10)

The Chern number is an integer which in the Z2 field can only take two values zero or one depending if
it is negative or positive respectively. It represents the flux of a magnetic monopole located in kz = m
on the toroidal first brioullin zone. When m > 0 the source lies inside the torus so the flux is equal to
the monopole charge I.e. one. On the contrary, for m < 0, the monopole is outside the closed surface of
the torus so the total flux is zero. The case m = 0 when the charge in exactly on the surface, the Chern
number is one because the surface is adjustable.

The fact that the case m = 0 and m > 0 share Chern number means that they must have the same num-
ber of gaps since the process of gap opening/closing is clearly discontinuous. So since the state m = 0 is
gapless, the state m > 0 must exhibit a Dirac cone. This Dirac cone is not reflected in the band structure
(3), because it represents states that propagate within the edge, where the hamiltonians H do not apply
due to the breaking of the Bloch, discrete translational symmetry.

Moreover, the pseudotime-reversal invariance of the edge hamiltonian for m > 0 ensures Kramer’s degener-
acy [20]. Therefore, a Dirac cone must appear, which in this case consists of a pair of counterpropagating
(k,−k) edge states. In this sense it is said that edge states are symmetry protected. Furthermore, it exists
a mathematical correspondence between the number of bulk bands and the corresponding edge states
based on the index theorem [21].

In order to observe these modes we can join a trivial PC to our topological edge so that the mode can
not penetrate in the trivial region because it is in the band-gap regime. These states are called helical
topological edge states and some interesting properties of them are the following:

1. Angular momentum: Each mode has a well defined orbital angular momentum and pseudospin
that can be excited using an optical vortex.

2. Orthogonality: The opposite propagating mode (time-reversed) has opposite pseudospin.

3. Localization: They are localized on the edge.

If pseudotime-reversal symmetry is broken in the bulk, that is, one mode of the Kramer pair is not
present, additional properties arise:

1. Absence of back-scattering: Since the partner mode is not available.

2. Unidirectionality: The edge state only can propagate one way.

3. Robustness against defects: Consequence of the previous two.

10
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In this case, the mode is called chiral. By the time being, this state is achieved by introducing a mag-
netic field in order to break the true time-reversal symmetry respected by Maxwell equations and (2).
With the new pseudospin formulation, chiral photonic states could be realized in photonic crystals with-
out magnetic fields, breaking the pseudotime-reversal symmetry by considering crystal patterns without
reflection or parity symmetry. In this case, the symmetry would be broken globally but not locally,
which would be enough because topological states, as we will see in the simulations, exhibit collective
behaviour. In addition, this collective behaviour is what makes the system robust against point-like de-
fects. In any case, in the present work we will cover only helical edge states and we leave this as a proposal.

It is worth mentioning that there is a little bit of confusion among the literature about this chiral/helical
classification. The fact is that helical states are not unidirectional since they can back-scatter to the
partner mode, contrary to what [13] claim.

In general we expect more than two bands in the bandstructure of our PC. Computing the Chern number
for the general case is involved because it includes integrals over the Brioullin zone for each band. Kane
and Mele, derived an equivalent integral free topological invariant ν, for systems with parity symmetry
[16]. Although, in our system the abnormal band inversion is sufficient by construction.

2.3 Set up

Our starting point is a honeycomb lattice that configures a 2D photonic crystal of air rods embedded in
a high dielectric bulk.

Figure 4: Scheme of the honeycomb lattice PC of high dielectric material with air inclusions. The
parameter R stands for the half lattice constant of the hexagon, r the radius of the etches and a the
distance modelling the coupling among the hexagonal rings. a1, a1 are the usually defined lattice vectors
for the hexagonal unit cell. Source: [13]

.

Having defined all the lattice parameters in figure (4), we will restrict ourselves to TE modes, that is,
the magnetic field polarized in the normal direction. A constant polarization constrains the field to have
only one degree of freedom which is the situation most similar to electrons in solid state.

We take the ratio a/R to be the variable that determines the order parameter m of the topological phase
transition. We expect the symmetric (honeycomb case) a/R = 3 to be gapless and thus correspond tom = 0
by comparing with the equivalent system in electronics, graphene. When expanding to a/R < 3 the cou-
pling, collective modes are favoured so it can exhibit topological features m > 0. By the compressed case
a/R > 3 would be m < 0. This is in accordance with previously published works on the subject [11, 13, 14].

At first glance, a/R is a continuous transformation since it can be expanded from the identity. However,
it is local because the expansion is centered in each lattice cluster of figure (4). The discrete lattice
symmetry gives the discontinuity of this transformation and thus the ability to break symmetries that

11
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can render phase transitions.

The index of refraction will be used as an additional parameter to control the phase of the system. Let’s
consider two cases:

1. Isotropy. We expect the topological character to not depend on the index of refraction since a
change on it is a global continuous transformation.

2. Anisotropy. We want to test the robustness of the topological phase against anisotropy which
breaks the rotational symmetry of the unit cell.

with the explained strategies for distinguishing topological phases:

1. Spotting abnormal band inversion

2. Computing topological invariants (Kane-Mele)

3. Visualizing edge states

The lattice constant a fill be fixed to 700 nm to have topological activity in optical frequencies for an
index of refraction of 3.4, like silica. Likewise, we will not consider optical gain or loss.

12



Guillem Müller Rigat Physics bachelor thesis UAB ICMAB

3 Simulations

The following scheme shows the first Brioullin zone of the honeycomb-like lattice PC shown in figure (4)
and how variation on the index of refraction deforms it.

Figure 5: First Brioullin zone of the modified honeycomb lattice distortion under isotropic refractive
index changes a) and anisotropic b). High symmetry k-points (Γ,M,K) are also marked. ∆k is defined
as ∆k/kblack = nblue/n − 1.

From figure (5) it is clear that the application of index anisotropy breaks effectively the C6 discrete cyclic
symmetry around the Γ point due to the deformation of the reciprocal lattice. However, this symmetry
is preserved under isotropic refractive index changes, where the only change is a scale transformation.

In this section we are going to present and discuss the methodology used (subsection 3.1) and the results
of the isotropic (subsection 3.2) and anisotropic (subsection 3.2) index of refraction variations on this
geometry.

3.1 Methodology

The program used to perform the simulations is Lumerical and its FDTD solutions facility whose graphic
interface can be found in figure (6). Based on the Planar 3D Hex PC example of the application gallery,
we can modify both the layout to get the desired geometries and the band-structure script to obtain
M → Γ→K plots.

We excite the EM field using a set of magnetic dipoles transversely oriented and distributed with a ge-
ometry compatible with the lattice symmetry. We verified that the number of dipoles does not affect the
results in resonance.

Then, the program solves the Master equation (2) numerically on a rectangular region discretized in
small cells. Given the external boundary conditions, the algorithm couples each cell to another with the
boundary conditions of the EM-field and compute the appropriate values of the components of the field
for each sampled time. This is a finite-difference time-domain method.

We choose a time of simulation of 2000fs which is enough to reach the steady state and a mesh size
of 0.001µm to obtain an acceptable resolution. Regarding the boundary conditions, we used periodic
boundary conditions always when it was possible taking care that the region is well placed. In the case of
edge states, we used PML with the option stabilized to avoid divergences near the boundary and making
sure that the PC continues inside the absorbing region. Regarding the vertical boundary, our decision
was to choose PML and symmetric in order not to double the sources.

Lumerical records the field distribution with monitors, that enables access to E- and B-field components.
Similarly, we can store the data of the absorption profile as a function of k in the band-structure analysis

13
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group. The BS script reads this data and does the plots of the spectrum.

Figure 6: General view of the Lumerical graphic interface and a detail of the PC. It can be distinguished
the magnetic dipoles in green, the meshed region and the band-structure monitors as yellow crosses.

When we reached the computation capability limit of my computer, we moved to the cluster provided
by ICMAB-CSIC. There, instead of running the simulations from the visual interface, we used a python
script runnable from the in-command line environment in order to enter to the queue system. We break
the original script into two parts in order to prepare the files and plot the results provided the stored
data submitted with the console.

Finally, it is difficult to evaluate quantitatively the precision of our numerical calculations because of the
many error sources. We enumerate them in descending order of impact here below:

1. Sweep width in bandstruture calculations. We use 200 steps to reach K from M .

2. PML boundary conditions are likely to produce divergences. We use many layers of absorption in
order to minor this issue.

3. Placing all the elements in the PC (sources, monitors, FDTD region) according to the discrete
lattice symmetry. We took care of it by placing the elements directly from the script and not by
hand.

4. Mesh size. We use a mesh size of 0.05µm which is sufficient to take into account the refractive
index step variation inside de PC.

5. Finite bandwidth and spectrum of the dipole radiation.

However, the same program has a warning system in case the solution is likely to diverge or the standard
error conditions are not fulfilled.

14
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3.2 Isotropic refractive index

The next figure depicts the bandstructure obtained for the three abovementioned cases (a/R < 3, a/R = 3
and a/R > 3 ) and index of refraction 2.5 − 3.5:

Figure 7: Bandstructures for n = 2.5 (a, c, e), n = 3.5 (b, d, f) and a/R < 3 (a, b), a/R = 3 (c, d)
and a/R > 3 (e, f) for TE polarization. Bandgaps and Kramer frequencies are marked with dashed lines.
Blue and red dots represent dipolar and quadrupolar normal magnetic field distributions respectively. The
gapless case a/R = 3 exhibit anticrossings in the Γ point. In the other cases a pseudogap in opened which
is spoiled by two intragap bands in a/R < 3 and one in a/R > 3. Comparing the results for the two
different indices of refraction, a shift and a deformation of the bandstructure is observed but the band
order remains constant.

15
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The color dots in the bands stand for certain normal magnetic field distributions, analogous to figure (3).

Figure 8: Normal magnetic field intensity distributions in ordinary space. In the Γ point stationary
patterns are observed; a), dipolar distributions with C2 symmetry or s-states and b), quadrupolar dis-
tributions with C4 symmetry or p-states. Out of the Γ point propagating waves are observed in many
directions. For instance in c) along K and d) along M k-directions. Out of resonances e), typically in
gaps, we just see the evanescent dipole radiation. The procedure used to make the correspondence between
de bandstructure and the field distributions is described in appendix B.

Firstly, we are to compare the results of figure (7) obtained through FDTD simulations with the band-
structure displayed in figure (3) which depicts the analytic eigenvalues of the Dirac Hamiltonian. In both
indices of refraction, the case a/R = 3 of figure (7) is gapless, which can be associated with the case m = 0
of figure (3) if we think of the two dispersive anticrossing bands in the Γ point corresponding to the two
opposed pseudospins of the Dirac hamiltonian. In this configuration a Dirac cone is not observed but
and anticrossing, which can be modelled by adding a tiny contribution to m.

The two pseudospin bands separate leading to the opening of a gap which in the case a/R < 0 (bottom
panels of (7)) is spoiled by two intragap bands. These additional crossings are not contemplated in the
Dirac model, but they are in the literature [11, 12, 13]. Regarding the field distributions of the peudospin
bands in the Γ point for this configuration which can be observed in figure (8) we verify the dipolar dis-
tribution to be less energetic than the quadrupolar. This is the normal order in this sort of systems since
the field in the quadrupolar state possesses more angular momentum, due to the C4 rotational symmetry
of the distribution, than the dipole state, which displays a C2 symmetry. Thus, we can link this case with
m < 0. The parameter m will depend on the index of refraction since this panel shows that the bandgap
is larger for the lower index of refraction.

The Dirac model would be of little interest without a band inversion. This is what the upper panels of
figure (7) report. A similar to a/R > 3 gap opening occurs. Furthermore, for the two refractive index
studied, a field distribution inversion between the dipolar and quadrupolar state is spotted in the Γ point.
This results in the lower energy state having larger angular momenta, which is an abnormal situation.
By compering this results with the figure (3 lower panels), we can obtain a correspondence between the
topological state m > 0 case of the Dirac Hamiltonian and this a/R < 3 configuration.

Out of the Γ point no localized field distributions were spotted. Instead, a plane-wave-like propagating
state were observed which is what figure (8) show. In particular in (8c) a wave oriented in the K di-
rection is distinguished while in (8d) in the M k-direction which is the orthogonal case. Although our
simulations were static, we can deduce that this fields propagate, that is, are not standing waves since
k ≠ 0. For parameters out of the resonances shown in the bandstructures, only the dipole radiation as
field excitations in the dipole placings (8e), as expected, were reported.

Our results concerning the band inversion, the gapless character in a/R = 3 and the intragap floating
bands are in fair agreement with the literature. Although the particular band shape may differ from
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the outcomes of some previous works. This divergences are reasonable since the resolution of our band-
structures are higher than previous work and there, some process of filtering or cleaning has been surely
performed.

The non visualization of the Dirac cone on the Γ point is not a major problem. The evident gap broaden-
ing for the deformed configurations and the state inversion tell us topological behaviour and that our Dirac
model is applicable adding a constant term to m. The only difference is that the topology behaviour is
destroyed by coupling with bulk modes, which is a slower process than destroying directly the Dirac cone.

Regarding the two intrabandgap bands it is clear that they do not affect the topological features because
they do not connect with the bands forming the Dirac structure. Although indeed they can spoil the
total gap by giving a mode to the scattered light, specially in the range Γ−K where the slope of the band
(proportional to the group velocity) is noticeable. Precisely in this region the intensity of the band is
weak4, which rise the possibility of spuriousness. It turns out that these pair of bands are quite sensitive
to the shape and sizes of the inclusions because of their non-disperse isolated character. One example of
it would be [12] where triangular holes are used.

In the following, we are going to compare the outcomes showed in figure (7) for the different refractive
indices. Along general lines, we see the same phenomenology independently of the index of refraction.
The bandgap and midgap shifts, although the Dirac band order keeps the same. This is in agreement
with the theory since an isotropic change is a continuous transformation cannot create a crossing or de-
generacy since their associated gap closing is a discrete process. This fact indicates us that the topological
character is preserved under isotropic refractive indices which entails that it can not be used to modulate
topological phases.

The next plot quantifies the abovementioned shift and deformation of the topological bandgap dependence
on the isotropic index of refraction:

Figure 9: (a) Midgap and bandgap for the studied refraction index span and the topological configuration.
The larger the index of refraction is the smaller the bandgap and midgap, which is to be expected since the
wavelength goes with the inverse of the refractive index. Lines connecting the dots are only to visualize
better the evolution. (b) When decreasing the index of refraction, the Kramer frequency and slope (group
velocity) increase.

According to figure (9) the bandgap, midgap, group velocity and Kramer frequency are inversely propor-
tional. This can be justified from the background index of refraction dependence on the wavelength. In
addition, its results are compatible with the literature. For instance, in [13] where n ≈ 3.4 (Silicon).

4Bear in mind the logarithmic color scale of the bandstructures. Which means that the spurious bands are in average
∼ 10−1 weaker
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But, the last word about the topological activity of the crystal is the appearance of edge states. We could
simulate edge modes as shown in the next figure:

Figure 10: Magnetic and electric field distributions for a topological trivial armchair junction, marked
as dashed line, for n = 3.5 and in the Γ point. The electric and magnetic fields are concentrated along the
edge with the impossibility to scatter to the bulk due to the effective bulk gap.

In order to realize the results of figure (10) we put in contact a topological a/R = 2.9 and a trivial lattice
a/R = 3.1 PC of the same index of refraction n = 3.5. Then, we excited the EM field with the magnetic
dipoles placed inside the bulk. For certain limited frequencies we have a complete gap as shown in figure
(7f) for n = 3.5. Likewise in the Γ point of the corresponding topological case appears a pseudogap. Due
to the bulk bangap and thanks to the Kramer’s theorem applied to photonic systems, the Dirac cone
must be realized in the edge. This is what is observed in figure (10); the field localized in the sequence
of holes shared by the two lattices.

In the Γ point, due to Kramer’s degeneracy the two modes oscillate in the same frequency, but they
are distinguishable. Indeed, from figure (3b) or the corresponding (7f) the mode associated to ∣↑⟩ has
positive group velocity ∣↓⟩ negative in the Γ point. Which means that they are counterpropagating. In a
dynamical simulation one could separate the two modes contribution by analyzing the Poynting vector
distribution of the mode in the edge.

As soon as the index of refraction is reduced, the resonances become exponentially weaker due to lack of
contrast. Furthermore, the intragap bands phenomena provide a pathway for the edge mode to penetrate
into the trivial bulk which destroys the localization of the field in the border. These are the main reasons
why edge states were not realizable for lower indices of refraction.

3.3 Anisotropic refractive index

In this section we are going to study the same system with anisotropy described by a the eccentricity of
the index ellipsoid defined as ∆ =

√
1 − n2x/n2y with nx < ny in the reciprocal lattice (5). Considering two

cases: small anisotropy ∆ << 1, which can be described as a perturbation of the previous case and large
anisotropy ∆ ∼ 1.
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We verified that the value of the normal index of refraction nz does not affect the bandstructure since
the propagation is mainly in plane.

The following plot shows how anisotropy acts on the gapless case a/R = 3.

Figure 11: TE bandstructures in the Γ point for the different anisotropic cases (a and b). Dashed lines
represent the frequencies of contact between the bands that form the Dirac cone in the isotropic case. The
figure show a preservation of the Dirac structure a) up to a level of anisotropy b) when a pseudogap is
apparently opened.

With the figure (7) in mind, in figure (11) for ∆ = 0.29 we can detect a preservation of the Dirac struc-
ture in the Γ point and an upwards shift of the intragap paired bands. Whereas, the figure (11) for
large anisotropy shows an apparent breaking of the Dirac cone. Besides, we observe a breaking in the
degeneracy in pairs of bands both in the k and ω. In the one hand, the degeneracy breaking in ω is due
to the two different index of refraction in which the Bloch mode can propagate. In the other, the drift of
the bands out of Γ point in indirectly due to the rotational symmetry breaking.

But still in this limit the system is effectively gapless. So the remaining degeneracies could lead to topo-
logical bandgaps in a/R < 0. In fact, by theoretical reasons we can affirm that one of the two Kramer
points appearing in figure (11) embody topological behaviour since anisotropy is a global continuous
transformation that in any case can change its topological features.

The next figure shows for the above mentioned situation ∆ << 1 and ∆ ∼ 1 the corresponding bandstruc-
tures:
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Figure 12: Bandstructures for TE modes and a/R < 3 for different degrees of anisotropy (a) ∆ << 1
and b) ∆ ∼ 1) and corresponding field intensity distributions in strategic points. In both cases we observe
a preservation of the quadrupolar (red) and dipolar (blue) field distributions depicted in the sidepanels
for Dirac bands in the Γ point. The colored ellipses symbolize schematically the index ellipsoid with the
corresponding eccentricity in the reciprocal lattice shown in figure (5). Regarding the bandstructure a
topological gap is opened for small anisotropy (a). While for large anisotropy (b) the bandgap is spoiled
by additional weak band crossings and one intragap band reverse order with the top Dirac band with
anticrossings in the contacts.

Since this outcomes of figure (12) are obtained from a continuous global transformation from the isotropic
case, no further analysis than the band inversion is necessary to check its topological character. Along
this line, we verified that the state distribution with highest angular momentum has the lower energy. In
particular, the side panels of figure (12) show that the bottom Dirac band correspond to C4 symmetry
distributions (quadrupolar-like) and the top with C2 dipolar-like with respect to the center of the unit cell.

For small anisotropy, compared to figure (7), we can see in figure (12) that the crossing gap pair bands
lift leading to a complete bandgap except ultraweak secondary resonances. The reason for this is that the
different index of refraction along the M −Γ and Γ−K makes the band bend upwards in the first region
due to lower refractive index. This transfers the contact to the upper Dirac band surpassing the Γ point
pseudogap barrier which makes an up shift in the latter region. To our knowledge, it is the first time
that perturbative anisotropy is proposed and tested to avoid the additional crossings across the photonic
topological bandgap of the honeycomb-like lattice.

Furthermore, robustness of the field distribution is observed as increasing the level of anisotropy. They
distort minimally compared to the ones in figure (8), but keep unperturbed independently from the
anisotropy level in the studied cases. The preserved two-fold orthogonal inversion symmetry could ex-
plain this phenomena.

Too large anisotropy, like in the right plot in figure (12) that affects the limit k→ 0 ruins the total topo-
logical bandgap. Although, up to weak extraordinary resonances, this plot shows us what the robustness
is about. We have seen that this type of topological phases preserve the total number of Kramer points
from the bulk and edge. So you can not create spontaneously degeneracies by transforming globally the
index of refraction. This is precisely what is observed in this subfigure (12b), where all the additional
band contacts are solved with anticrossings rather than crossings.

Therefore, the same way than the isotropic case, anisotropy can not drive topological phase transitions
since it is a global continuous transformation form the isotropic case. However, we verified that it can
be used to render a complete topological gap which could lift the reported constraints in the edge state
operation.
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4 Conclusions

The aim of this project was to study how changes in the index of refraction affect the topological be-
haviour of the geometry described in [13]. Using FDTD simulation with a significantly higher resolution
than the literature, we realized that this system presents more complexity than the published results.

To begin with, we verified that the topological behaviour of the shrunken lattice a/R < 3 by spotting
a sufficient band inversion and realizing edge states for an 3.5 refractive index. With this parameters
two intragap bands appear which could spoil and limit the robustness of the edge state operation but
in any case change the topology. Under isotropic changes of refractive index on the range 2.5 − 3.5 the
band order keeps constant which entails a preservation of the topological behaviour. Although, the low
contrast in the lower end of the range makes indiscernible the appearance of edge modes and inefficient
experimentally.

Concerning the application of refractive index anisotropy, a small variation was found to be sufficient to
elevate the two intragap bands and open a complete gap. To our knowledge, it is the first time that a
purely optical method is used to overcome this problem. Mechanical procedures, for example changing
the shape of the inclusions to triangular holes in [12] is the most advanced solution to this issue in the
literature.

As increasing the degree of anisotropy and thus the deformation of the first Brioullin zone the theoretical
proven robustness under continuous transformations is put to the test. Precisely, it is shown that the field
distributions remain practically unaltered. Regarding the bandstructure, anticrossings were observed on
band contacts instead of crossings which is a symptom of robustness since the number of crossings is
fixed by the topology and therefore can not increase.

The truth is anisotropy breaks effectively the C6 discrete cyclic symmetry of the lattice. This fact evokes
that the existing theory that shows the concept of pseudospin [11] is acceptable since the state distri-
butions are not deformed so much under anisotropy but it should be reformulated since it relies in the
rotational symmetry of the system. In order to tackle this limitation, we propose an original and more
general theory based on the discrete translational symmetry (which arises naturally in crystals) and the
Lorentz invariance of the EM field (which holds by definition).

As far as the future is concerned, repeating the bandstructure calculations with a different method should
be done because the literature denote that different methods give slightly apart outcomes. Then, the
next step would surely be explore local refractive index changes which could lead to a complete optical
driven topological phase transition which is extremely appealing for technological applications.
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6 Supplementary materials

6.1 Appendix A: Pseudospin from first principles

The generator of spatial translations TR = r+R = r′ is linear momentum. Considering the expression (3),
the total linear momentum p̂ can be splitted into two parts:

p̂∣BR = ε†(h̵k − ih̵∇)ε (11)

The crystal momentum acts on the phase eikr and it accounts for the geometrical properties of the lattice.
Likewise the term q̂∣Bloch = −ih̵ε†∇ε is the linear momentum of the electromagnetic field distribution act-
ing on the infinite-dimensional Hilbert space of the complex amplitudes un,k. h̵ is a (real) parameter
with units of angular momentum.

It is not direct to see that p̂ is the operator of linear momentum of the EM-Field, considering the field
itself not an operator (unlike QFT), but a vectorial state distribution. For a given point S = (ω,k) of
the bandstructure, the next equality holds

pS = 1

2
∫

√
ε

µ
Ek ×Hkd

3r = ∫ u†
kp̂ukd

3r (12)

because of the Faraday relation

Ek = i

ωε
(∇+ ik) ×Hk (13)

the fact that the we are working in a weak magnetic coupling materials ∇H = 0 and µ ≈ µ0 and the reality
condition for the field. From this, we get an expression for h̵:

h̵ ∼ 1

k
= 1

k0n
(14)

where n is the position-dependent index of refraction. Here, the duality between quantum mechanics
(like electrons in crystals) and light propagating in photonic crystals is explicit.

By taking a first order approximation of Up(R) = e−ip̂R/h̵ 5, one can check that TR is a symmetry of the
Master equation (2). Indeed the commutator,

[p̂, D̂]uk = 0Ô⇒ [p̂, D̂] = 0 (15)

vanishes identically due to A ×A = 0.

In the stationary polarization-constant regime, as in our simulations, only the crystal momentum con-
tributes to the energy

E = h̵ω(k) + ih̵ ∂
∂t

ε ⋅ uk = h̵ω(k) (16)

which is known to be the generator of time evolution.

Regarding angular momentum the situation is similar to the linear momentum case. Now, we can rec-
ognize two contributions to angular momentum: the orbital angular momentum L acting on the infinite
Hilbert space L2 6 of field amplitudes uk and the optical spin S acting on the polarization.

5Remember that a continuous symmetry transformation is implemented on a Hilbert space with a unitary operator

Û(αi) = e−iαiĜi , where Ĝi are their generators.
6Space of Lebesgue square integrable functions on R.

25



Guillem Müller Rigat Physics bachelor thesis UAB ICMAB

From the fact that crystal momentum is not a physical observable 7, provided the Lorentz invariance
symmetry of the electromagnetic field and by introducing a new internal degree of freedom, we proof the
existence of a new contribution that we call pseudospin Σ which is a vector χ in the space generated by
the Pauli’s spin-1/2 matrices σi.

In the frame of General Relativity, energy and momentum can be treated in equal footing by introducing
4-vectors p = (pµ) = (E,P) in the Minkovski metric (ηµν) = (−1,1,1,1). All the transformations of
4-vectors Λνµ′ that leave the metric invariant are known as Lorentz transformations. And the other way
around, all objects that transforms with the metric are 4-vectors. p and the spacetime x = (xµ) = (t, r)
are 4-vectors. So, it is clear that pµxµ is invariant i.e:

pµxµ = pµ
′

xµ′ (17)

But, actually k is not a 4-vector in the Minkovski sense. Its spatial part k lives in the first Brioullin
zone, which as mentioned, is homotopic to a torus. The curvature of a torus is not zero, thus we can not
apply the Minkovski metric to the reciprocal space. So, k and x doesn’t transform the same way and
kµxµ − kµ

′

xµ′ = −φ is not zero but a scalar.

In order to keep pµxµ invariant qµ should transform as qµqµ − qµ
′

qµ′ = φ. Now, we realize that the Bloch
representation has two degrees of freedom due to complex conjugation and two more from time reversal
and we put it in a quite suggestive way

Hn,k = (uk u∗k uk u∗k)
⎛
⎜⎜⎜⎜
⎝

ei(kr−ωt)

e−i(kr+ωt)

ei(kr+ωt)

e−i(kr−ωt)

⎞
⎟⎟⎟⎟
⎠
= ukΨ (18)

where it has been used the fact that we work in systems with inversion symmetry r↦ −r (parity), which
implies k↦ −k by construction, so u∗k = u−k = uk. And we have defined Ψ to be the object with the phases.

We transform:

H′

n,k = ukIΨ = ukΛ−1(φ)Λ(φ)Ψ = ukΛ−1(φ)
⎛
⎜⎜⎜⎜
⎝

ei(kr−ωt−φ)

e−i(kr+ωt+φ)

ei(kr+ωt−φ)

e−i(kr−ωt+φ)

⎞
⎟⎟⎟⎟
⎠
= (19)

= ukΛ−1(φ)
⎛
⎜⎜⎜
⎝

e−iφ 0 0 0
0 eiφ 0 0
0 0 e−iφ 0
0 0 0 eiφ

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜
⎝

ei(kr−ωt)

e−i(kr+ωt)

ei(kr+ωt)

e−(ikr−ωt)

⎞
⎟⎟⎟⎟
⎠
= ukΛ−1(φ)R(φ)Ψ = u′kΨ′ = Hn,k

Taking the infinitesimal limit φ→ δφ << 1 we can recognize the generator

R(δφ) = I − i(σz 0
0 σz

) δφ = I − iΣzδφ (20)

to be the Σz Dirac spin-1/2 matrices, so Ψ is a (Dirac) 4-spinor.

Although, due to the symmetry of the master equation uk = u∗
−k, we can get rid of two of the four degrees

of freedom, which will constitute at the end a spinor system with two components (spin-1/2).

7Since what has the true physical meaning is the total momentum generator of space translations.
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Note that since the field H does not transform with the Lorentz transformation proposed in (19), it is a
scalar or spinless field, which agrees with the bosonic nature of the EM field.
In order this to happen it is required that

Λ−1(φ) = eiφJz/h̵ (21)

where Jz acts in both the polarization and the amplitude as an orbital angular momentum.
The state of polarization and angular momentum is determinated by the state of the pseudospin. The
change form pseudospin up to pseudospin down renders a change of the state of angular momentum
and polarization to an ortogonal state. This coupling is specific of photonic systems since in electronic
systems the wavefunction is not vectorial.

27





Guillem Müller Rigat Physics bachelor thesis UAB ICMAB

6.2 Appendix B: Bandstructure field distribution correspondence, practical
procedure

The figure (12) left will serve as example. Once we have computed the bandstructure we have to select
the sweep (value of k) of interest and open the Lumerical file.

Then we visualize the bandstructure monitor results which plot the power recorded as a function of the
frequency. Some examples of spectrums in different k-points are shown below.

Figure 13: Spectrum corresponding to different k-points. You can distinguish the resonances as peaks

this is the data that will be ploted in a color logarithmic scale in the bandstructure vertically.

Next, from the field distribution monitors we select the wavelength slice corresponding to the peaks and
we see the resonance as a transition from (8e) to some distribution.

The frequencies of the peaks in the spectrum and the slice of the field distribution might not be corre-
sponding. This is because while the field distribution data is obtained directly from the simulation, the
spectrum is averaged in time and among randomly positioned monitors.
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